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Supersonic flow past a bluff body with a detached shock
Part 11 Axisymmetrical body

By W. CHESTER
Department of Mathematics, University of Bristol

(Received 20 August 1956)

SUMMARY

This paper considers the flow at high Mach number behind the
curved shock formed when a supersonic stream impinges on an
axisymmetrical body with a rounded nose.

The solution is obtained as a double expansion in

8 = ('}’_‘ 1)/(7"' 1)’
where y is the adiabatic index, and M~%; the expansion is developed
to within terms of order (8 + M—2)3.

Expressions are obtained for the distance between the body
and the shock, the radius of curvature of the shock compared with
that of the body, and the pressure distribution on the body.

INTRODUCTION AND FUNDAMENTAL EQUATIONS

The technique evolved in Part I (Chester 1956) is used here to investigate
supersonic flow past a blunt-nosed axisymmetrical body. The exposition
is less detailed, for the ideas involved are essentially those of the previous
paper.

The common axis of the body and of the shock wave formed ahead of it
is in the direction of the uniform flow upstream of the shock. The
x-coordinate is measured along this axis from an origin at the vertex of
the shock. The radial coordinate is denoted by y.

Upstream of the shock the velocity, pressure and density are denoted
by (V,0), po po respectively. Corresponding quantities in the region of
disturbed flow behind the shock are (Vu, Vv), py V2p and pyp(y +1)/(y—1);
as before, y is the adiabatic index.

The equations of conservation of mass, momentum and entropy are,
with (y—1)/(y +1) =8,

g;(Puy)+ (%(va) =0;
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The first of these equations implies the existence of a stream function
such that &), = puy, 8, = —pvy. In the uniform flow ahead of the
shock, ¢y = 1y and is continuous across the shock. On the body, ¢ = 0.

With the independent variables transformed to (i, ¥), equations (1)
become

op om
Yop oy =Y
W+ 2+ (1+8)p/p = 1+ (1—-6)61M2;
f 2)
2. E) 3_'?_ _1_> =0:
A\v + oy \pvy)
b = f(), J

where f is an arbitrary function of .

We consider the particular case of a paraboloidal shock with unit radius
of curvature at the nose. The equation of the shock profile is then x = 3%,
and the shock transition relations give the following boundary conditions
to be satisfied on ¢ = }y?:

u = 1—(1_8){141-3/2 —M—z};

v = (1—3)y{%y2 —M‘z}; 6
P = (-0{ 5 - Trs
1

P T (A=8)5 M A1+y%)"
From these equations it follows that

1) = (=8 [ — g J 1+ (1-8)5-1-2(1+20))0-900=0. ()

From the third of equations (2) we also have

u d (/1 u 0o
sl () () 5
v ay ), \pvy b Vo pU) gy ()
Equations (3) then give
u a ¥/ 1
Z = — — : 6
v y+83ij (pvy>dl/” ©)
and, hence, the equation of the body is
Wl ™)
x = 3y*+8 <—) dip.
by j 0 \PY v

As in Part I, it is not difficult to show that equation (6) includes
automatically the stand-off distance between the body and the shock.
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BasIc SOLUTION
When 8 = M2 = 0, equation (4) becomes
1
- Ls1M-2
f(‘/’)'_ 1+2¢, +8IM »
and equations (2) are easily solved using the boundary conditions (3).
The results are
— vp — (2)' 2y __ 4
ST T e P T @
_ (1+2¢)4
P A+ + 5 M2 (1 + 29))

u

where
A = [2¢)Y(1 + 24)Y2 — sinh—Y2h) 2+ y(1 + 312 4 sinh~1y]. 9
The next step is to improve this approximation so as to obtain expressions
for the velocity components which are uniformly valid as ¢ - 0. The
expressions for #/v, p and p do not require modification; and so we have,
correct to the first order of small quantities,

f—j = F@)prt = f){1+25 log p}

1
T 142y

I:l +8IMH1 +24)— 8 -2MY(1 + 24) +
. A(1+24)
This expression for p/p is substituted in the second of equations
(2) to give

o, 1 s A(1+2)
wrot = gl z-aws Nl ST ]

where d = 8+ M2.
Equation (11) is now solved in conjunction with # = vy, and all terms
which are uniformly O(d) are discarded. The following relations are then

obtained ;
y(24 + dB)1?

u=yv = (T + A1 + 22 (12)
where
_ 2y(1+ %)%
B = Zlog{y(l+y2)1/2+sinh—ly}' (13)

FIRST-ORDER APPROXIMATION

From equations (8) and (12), we can now obtain the following expression

for 8/pv, which is uniformly correct as far as terms which are O(d):
3 2y(1 +y)¥(d + 2¢M2) ,

pv . A(1+24) (2% +dB)" (14)
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We can then obtain a first approximation to the equation of the body
by the substitution of (14) in (7). The result is
x = 3y2+2d(1 +y%)? j” s +
» Y7o @iy 244
2 1 2\1/2 2d3/2B1/2 1 2)2
+ME(1+y 2)210g{y(1 +}})1(‘)1;:i zinh“ly‘fL - y(1+ y2)1/2(+—s'-iil/h)—1y - (19)
Note that equation (15) contains terms which are O(d)%?, and is in fact

correct to within O(d?).
To obtain the velocity components we must first calculate u/v from

(6) which gives, correct to within O(d?),
ufv = y(1+8)+2dfy=2(1 +y*)%(1 + 2)V2(2 + d B2, (16)

where
g = —2dy 1+ 31+ 24 %(2p +dB) 2+
d 2d(1 422 LU dy
+ 5}—1[ (1+»% Jw (20)72(1 +24)124 +
+ M1+ log(2y(1 +y94241)
-5 +2yd()}/j ersmh‘ {(2+dB)2— (2¢)112}:| (17)
The form of the expression for u/v anticipates the fact that, near y = 0,
u ~ 280]py* ~ 2dp5*
(the argument is similar to the corresponding one in Part I). Hence we
may write

u = U+ 2dy/y?, (18)
where U is O(y?) near y = 0. Equation (16) then gives
Ulv = y(1+g); (19)

and the singular term in (16) has now disappeared.
When these relations are substituted in (11) and the resulting equation

solved for U, we find that
U=— i” + (1 + 20 V3(1 + y2)—1/2< Toy )x
29(1 + y2)3i2) U2
x [2¢ +2(d+ 2¢M—2)1og{—fq—((ﬁ-%}] . (20)

from which u and v are easily obtained using equations (14) and (15)

respectively.
Finally the pressure is obtained by integration of the equation
op _lou
%~ ydy

using the previously calculated expression for # and the boundary condition
on ¢ = $y? obtained from the last of equations (3). Although the variation
of p with both  and y is required before the next approximation can be
found, the complete expression is somewhat involved and we quote here
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only the expansion for small values of y and ¢ = 0. 'The basic terms are
given exactly, but the rest of the terms have errors which are O(y%):

= (14925 11 pyryue g SBDTY o 11201, 3277
p = (1+5%) [2(1”) L N Al 5 R Al TS M s

7 13741 8d\32/4 3
_9 4 _ _a2_. a4
+M <1+18y+ T050” >+<3> <3y 5_y>:|. (21)

SECOND-ORDER APPROXIMATION

The precautions referred to in Part I also apply here; otherwise the
process is straightforward, and only the final results are given. Apart
from the basic terms, fourth and higher powers of y have been ignored.

The equation of the body is

I P A VIR P Y g
X = - ? +T6 - + —_

463 184\ 13 L /8d\1E 3 /84\uz
168d(3> 29 <3> —3M <?> *

47 d<8d)1/2 11173 50 23

l 2
-2 2 —4 __

2593 (8412 287 ., (8d\ue 47 _/8d\¥] .
R dM(a> (s e

and the pressure on the body is given by

1 sinh~ly 1 1 3 3
2)3/24 — - 2y " 7 —24 —_ 42— = -24 — —
(1+y%%%p 5 (1+5%)7%+ % zd+ M2+ 2d 5 dM™+ 5 M~

1201 , 7 32 /84\12 10009633 , 1
—— -2 __ T —_— — —2
{252 i-pgM*-3 d( 3) 5540 Ut g M

725 3002, /84\1z 40 /8d\ie 1 84\ 12
— —4 __ 2 —_ —2f ~— —_—— —4f -
oo M 189d( ) o dM <3> 3M(3) } (23)

DiscussION OF RESULTS

Although, for reasons given in Part I, the analysis is carried out for the
case of a shock having unit radius of curvature at the nose, the following
results have been corrected to apply to a body having unit radius of curvature
at the nose.

Figures 1 and 2 show respectively the radius of curvature of the shock
and the distance between the body and the shock along the axis of symmetry
for various values of d. 'The isolated point in each figure is an experimental
result given by Oliver (1956). The curves are calculated from equation (22),
except for the broken parts which are simply extrapolations through values
of d for which the convergence of (22) may not be satisfactory.

A comparison of corresponding expressions in Part I and II shows that
the convergence is poorer in the axisymmetrical case. Nevertheless, one
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or two general conclusions may be drawn. As in the two-dimensional
problem, the stand-off distance seems to be virtually independent of M~%,
except in so far as this parameter influences d, and the single curve in
figure 2 covers all cases.

As would be expected, under similar conditions both the radius of the
shock and the stand-off distance are smaller in the axisymmetrical problem;.
a rough guide for the distance between the body and the shock is 24 in the
two-dimensional case, and $d in the axisymmetrical case.
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Figure 1. The radius of curvature of the shock on the axis of symmetry for various
values of d(= (y—1)/(y+1)+M-2). The unit of length is the radius of
curvature of the body on the axis of symmetry. The cross denotes an
experimental result.
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Figure 2. The distance between the body and the shock along the axis of symmetry
for various values of d(= (y—1)/(y+1)-+M~%). The unit of length is the
radius of curvature of the body on the axis of symmetry. The cross denotes
an experimental result.

Because of the large factor multiplying d? (compared with the multiplier
of d) in the coefficient of y2 in equation (23), the expression for p cannot
be regarded as reliable save for very small values of 4 in the neighbourhood
of 0-01.

When d = M2 = 0, the pressure distribution on the body is known
exactly, and the ordinate of the sonic point is 0-680 compared with the
value 0-629 in the two-dimensional case. According to calculations based
on equation (23), the initial tendency is for the ordinate to decrease as d
increases (and M~% = 0) in contrast to an increase in the two-dimensional
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case (see Part I, figure 3), the ordinates agreeing in the two cases for a value
of d around 0-02. But up to this value the decrease is only 0-3%,, and the
most that can be said is that initially there is no appreciable variation in the
position of the sonic point.

Since the pressures on the body at the stagnation point and the sonic
point are functions only of d and M~2 (see equations (29) and (30) of Part I),
it follows that, with similar conditions, the pressures are the same at these
corresponding points in the two-dimensional and axisymmetrical cases.
Hence we may deduce that for sufficiently small values of d, the pressure
distribution in the two cases do not differ appreciably in the neighbourhood
of the nose.

REFERENCES
CHEesTER, W. 1956 ¥. Fluid Mech. 1, 353.
OLIVER, R. E. 1956 ¥. Aero. Sci. 23, 177.



